Introduction.
In a very recent paper [2] the following approximation result for the bivariate case was proved. where C > 0 is independent of f , n 1 , and n 2 , satisfying, moreover, the following shapepreserving properties: (i) if f is convex of order (0, 0), then so is P n 1 ,n 1 (f ); (ii) if f is simultaneously convex of orders (−1, 0), (0, −1), and (0, 0) (i.e., totally upper monotone), then so is P n 1 ,n 2 (f ); (iii) if f is convex of order (1, 1) , then so is P n 1 ,n 2 (f ); (iv) if f is simultaneously convex of orders (−1, 1), (1, −1), (0, 1), (1, 0) , and (1, 1) (i.e., totally convex), then so is P n 1 ,n 2 (f ).
induction) from Theorem 1.1, that is, we can say that the m = 2 case is not representative for the general case m ∈ N (as, e.g., would be the m = 3 case). Also, the proof of Theorem 3.1 requires more intricate calculation than in the case of Theorem 1.1, which motivates us in Section 3 to prove the main result in its full generalization.
Preliminaries.
This section contains the concepts of convexity and of modulus of smoothness for multivariate functions, which will be used in Section 3.
Following the ideas in [6, page 78], we can introduce the following definition.
. . . 
where 
where C m > 0 is independent of f and n i , i = 1,m, satisfying moreover the following shape-preserving properties: 
where ω ϕ 2 (g; δ) is the usual Ditzian-Totik modulus of smoothness and C > 0 is independent of g and n.
We will construct the polynomials P n 1 ,...,nm (f )(x 1 ,...,x m ) by applying the tensorproduct method (see, e.g., [5, pages 195-296] ). We obtain (by mathematical induction)
..,m, are constructed as in the univariate case in [4] . The value of f on the point (−1,...,−1) by definition can be represented as a divided difference by 
, respectively, and so on. Note that, finally, 6) that is, it is a divided difference with m lines, having two nodes on each line. Obviously, degree (P n 1 ,...,nm (f )) ≤ n k with respect to the kth variable, k = 1,m. Firstly, we prove the estimate in Theorem 3.1.
For any univariate function g, we have
that is, passing to supremum with g ≤ 1, for the linear operator P n , we obtain
where c > 0 is independent of n. Now applying [3, Theorem 5], we immediately get 
where By R i k ,n k (−1) = 0, for all i k = 0,n k , k = 1,m, we immediately get
Also, from the univariate case, we have 
where
we get , or a product of distinct R i k ,n k (x k ) (having at most m−1 terms in that product), (b) a divided difference of f on one, two, or three nodes with respect to each variable x k , such that at least with respect to one variable the divided difference is taken on three nodes, (c) a positive quantity of the form (ξ
) or the product of such distinct quantities. Moreover, the above-mentioned expressions in E(x 1 ,...,x m ) which depend on the variables x k , k = 1,m, through R i k ,n k (x k ), are of two kinds:
(1) expressions which do not depend on all variables x k , k = 1,m; (2) expressions which depend on all variables
We exemplify the passing from m = 2 to m = 3. Therefore, let f be a function of three variables, that is,
Applying the formula in the univariate case (specified at the beginning of (iii)) with respect to the variables x 1 and x 2 , and by the formulas in [2, pages 31-32], we immediately get
..,x m ) and E(x 1 ,...,x m ) described at the previous point (iii), we immediately obtain the required conclusion.
Remark.
(1) For m = 2, we recall [2, Theorem 3.1].
(2) Since in the univariate case (i.e., m = 1) the property in Theorem 3.1(i) reduces to the usual increasing monotonicity and in this case by [7] we know that ω 2 ϕ (f ; ·) cannot be replaced by higher-order moduli of smoothness ω k ϕ (f ; ·) with k ≥ 3, it follows that for arbitrary m ≥ 2, the same phenomenon is expected.
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